
Journal of Financial Markets 1 (1998) 321—352

Strategic trading, asymmetric information and
heterogeneous prior beliefs

F. Albert Wang*
Graduate School of Business, Columbia University, 420 Uris Hall, NY 10027, USA

Abstract

We develop a multi-period trading model in which traders face both asymmetric
information and heterogeneous prior beliefs. Heterogeneity arises because traders agree
to disagree on the precision of an informed trader’s private signal. In equilibrium, the
informed trader smooths out her trading on asymmetric information gradually over time,
but concentrates her entire trading on heterogeneous beliefs toward the last few periods.
As a result, the model’s volume dynamics are consistent with the U-shaped intraday
pattern at the close. Furthermore, the model predicts a positive autocorrelation in
trading volume, and a positive correlation between trading volume and contempor-
aneous price volatility. ( 1998 Elsevier Science B.V. All rights reserved.
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1. Introduction

A casual observer of the U.S. securities markets would be amazed by the
enormity of volume traded each day. For example, currently, the daily NYSE
stock volume is, on average, about 500 million shares. What contributes to this
enormous trading activity? Two motives for trade have been intensively ex-
plored in the literature: private information and liquidity (e.g., Grossman and
Stiglitz, 1980; Kyle, 1985; Admati and Pfleiderer, 1988; Grundy and McNichols,
1989; Foster and Viswanathan, 1990, 1993; Holden and Subrahmanyam, 1992;
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Shalen, 1993; He and Wang, 1995). Kyle (1985) points out that liquidity trading
provides camouflage which conceals informed trading and, as a result, the
informed trading is swamped by liquidity trading. But, attributing the volume
phenomenon to liquidity trading as a primary source is unappealing both
theoretically and empirically. Thus, it is desirable to look for other important
reasons for trading.

A third motive of trade that has attracted a lot of attention recently in the
literature is heterogeneous prior beliefs (e.g., Harrison and Kreps, 1978; Varian,
1985, 1989; Hindy, 1989; De Long et al., 1990; Kandel and Pearson, 1992; Harris
and Raviv, 1993). Heterogeneous prior beliefs arise either due to different priors
about an asset’s intrinsic value or due to non-concordant prior beliefs about the
relationship between the signal and the value of the asset. Models of this kind do
not depend on liquidity trading and hence do not have the aforementioned
unsatisfactory property. But, the relative importance of this motive versus other
motives in explaining the volume phenomenon is typically not addressed in
these models. To deal with this problem, we develop a trading model that
incorporates all three of the motives for trade and investigate the relative
importance of each motive in terms of its contribution to total trading volume.

We extend the model of Kyle (1985) by incorporating heterogeneous prior
beliefs. In our model, heterogeneity arises because traders have different distri-
bution assumptions about an informed trader’s private signal. In particular,
traders agree to disagree with the precision of the signal. Our model thus
captures Aumann’s (1976) intuition of agreeing to disagree. Disagreements on
the signal’s precision may stem from the fallacy of excessive subjective certainty
(Alpert and Raiffa, 1959; Kahneman and Tversky, 1982). In this view, a trader is
overconfident if her distribution of the signal is too tight and underconfident if it is
too loose; a trader is rational if her probability distribution reflects the correct
one. Importantly, our analysis shows that divergence of beliefs cannot be
unbounded for equilibrium to exist. Specifically, our model indicates that
irrational beliefs cannot deviate from rational beliefs by more than a factor of
two. For example, if a rational informed trader thinks a risky asset is worth $100,
then an irrational informed trader’s subjective value cannot be less than $0 or
more than $200.

Our model indicates that as noise trading vanishes in the limit, market makers
will provide little liquidity while the informed trader will trade little. This result
seems surprising because one might think that with little noise trading as
camouflage, the informed trader and market makers, under risk neutrality,
would agree to trade infinite quantities, given their differences in beliefs. This
result underscores an important distinction between the case of noise trading
vanishing in the limit and the case of no noise trading at all. Our model also
shows that the speed of the price adjustment in each period does not depend on
noise trading. Thus, even with little trading in the limit the price will still adjust,
albeit partially, to the private signal’s value over time.
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The co-existence of asymmetric information and heterogeneous prior beliefs
creates a dilemma in trading for the informed trader. On the one hand,
to maximize the information advantage, the informed trader should refrain
from aggressive trading; on the other hand, to exploit fully the differences in
beliefs the informed trader should trade aggressively to enable the information
asymmetry to vanish as quickly as possible. Our model shows that in equilib-
rium the informed trader is able to resolve the dilemma by trading on informa-
tion first and on heterogeneous prior beliefs last. Furthermore, the model
indicates that heterogeneous prior beliefs lead to a large increase in trading
volume. In particular, informed trading can be larger than liquidity trading.
These results suggest that heterogeneous prior beliefs may better explain the
volume phenomenon than liquidity trading. Such a large increase in volume
tends to concentrate toward the end, but not the beginning of trading. This
result is consistent with the observed U-shaped intraday pattern in trading
volume at the close (e.g., Wood et al., 1985; Jain and Joh, 1988; Gerety and
Mulherin, 1992).

Our model yields other important implications for trading volume and price
dynamics that are consistent with empirical evidence. The model predicts
a positive correlation between trading volume and contemporaneous price
volatility or absolute price changes. The model also predicts that heterogeneous
prior beliefs lead to a positive autocorrelation in trading volume. The result that
volume is serially correlated is also obtained by Foster and Viswanathan (1993),
Wang (1994), Harris and Raviv (1993), and He and Wang (1995), and is
consistent with the evidences in Harris (1987) and Campbell et al. (1993). The
volume-volatility results are also obtained by Kim and Verrecchia (1991), Wang
(1994), Shalen (1993), and Harris and Raviv (1993) and are documented in many
empirical studies such as Karpoff (1987), Jain and Joh (1988), and Gallant et al.
(1992). Our model contrasts with other models by the fact that these results are
obtained from a trading model based on heterogeneous prior beliefs, rather than
on diverse private information and that the heterogeneity is due to different
interpretations of private information, not of public information.

Kyle and Wang (1997) consider heterogeneous prior beliefs in their study of
the survival of irrational traders in a duopoly context. Wang (1997) examines the
implication of overconfidence for delegated fund management in both learning
and evolutionary game models. Our emphasis on the intertemporal dynamics of
trading strategies and volume distinguishes our model from Wang (1997), and
Kyle and Wang (1997).

This paper is organized as follows. Section 2 develops a sequential auction
model and the unique equilibrium. The model’s implications for trading volume
and price dynamics are investigated in Section 3. Section 4 examines the proper-
ties of the equilibrium in detail including trading strategies, liquidity, price
volatility, and trading volume. Section 5 concludes this paper. All proofs are
contained in the appendix.
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2. The model

A single risky asset with a terminal value vJ is traded in an N-period sequential
auction market among three kinds of risk-neutral traders: a monopolistic
informed trader who has a unique access to a private signal sJ * about vJ ;
uninformed liquidity traders who trade randomly; and market makers who set
prices efficiently (in the semi-strong form sense) conditional on the quantities
traded by others.

2.1. Belief structure

The risky asset’s terminal value vJ is normally distributed with mean zero and
variance &

0
. All traders agree that the signal sJ * is a scalar multiple of the

terminal value vJ , but they disagree concerning the right scale. Namely, the
informed trader thinks sJ *"c

*
vJ while the market makers think sJ *"c

.
vJ , where

c
*
and c

.
are both positive scalars. It turns out that only the ratio of the two

scalars matters in our analysis. Thus, without loss of generality, consider
a normalized signal sJ"sJ */c

.
in what follows. Then, the trader’s beliefs can be

rephrased as follows: the informed trader thinks sJ"vJ /K while the market
makers think sJ"vJ , where K"c

.
/c

*
is a positive constant. Given this normaliz-

ation, traders’ heterogeneous prior beliefs are captured completely by the
“belief” parameter K. The differences in beliefs may stem from the fallacy of
excessive subjective certainty (see Alpert and Raiffa, 1959; Kahneman and
Tversky, 1982). There is empirical evidence in psychology literature indicating
that informed individuals tend to be overconfident, i.e., having unduly tight
probability distributions (Oskamp, 1965). Consider the market makers’ beliefs
(i.e., K"1) as the benchmark case, then the informed trader is ‘overconfident’ if
her probability distribution of the signal sJ is too ‘tight’ (i.e., K'1) and ‘under-
confident’ if it is too ‘loose’ (i.e., 0(K(1).

2.2. Information structure

Trading takes place from time t"0 to time t"1. We denote by t
n
the time at

which the nth auction occurs for n "1, 2,2, N. Let xJ
n
be the aggregate position

of the informed trader after the nth auction so that DxJ
n

(defined by
DxJ

n
"xJ

n
!xJ

n~1
) denotes the market order submitted by the informed trader at

the nth auction, conditional on her information. At the first auction, the
informed trader’s information set contains only her observation of the private
signal, while at the nth auction it also contains her observation of the past
history of prices, pJ

1
, pJ

2
,2, pJ

n~1
. Let uJ

n
be the aggregate position of the liquidity

traders after the nth auction so that DuJ
n

(defined by DuJ
n
"uJ

n
!uJ

n~1
) denotes

the random quantity traded by them at the nth auction. The process uJ
n

is
assumed to be a Brownian motion and, hence, DuJ

n
is normally distributed with
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zero mean and variance p2
u
Dt

n
, and is independent of vJ . Thus, clearly, the

liquidity traders’ information set, if any, is irrelevant in our analysis. At each
auction, market makers stand prepared to take a position in the asset to balance
the demand of the remainder of the market. Thus, the order imbalance at the nth
auction is DyJ

n
(defined by DyJ

n
"DxJ

n
#DuJ

n
) and the market makers’ informa-

tion set at the nth auction contains the observations of all past and current order
imbalances, DyJ

1
, DyJ

2
,2, DyJ

n
.

2.3. The equilibrium

Let nJ
n
be the profit which accrues to the informed trader from the nth auction

on,

nJ
n
"

N
+
k/n

(vJ!pJ
k
)DxJ

k
, where n"1, 2, N. (1)

Denote by E
K
[2] and E

1
[2] the expectation operators of the informed

trader and the market makers, respectively. Given the above belief and informa-
tion structures, at each auction the informed trader maximizes her total ex-
pected profits of the current and the remaining rounds of trading conditional on
her information, i.e.,

Max
Dxn

E
K
[nJ

n
DsJ"s, pJ

1
"p

1
,2, pJ

n~1
"p

n~1
], for n"1, 2, 2, N. (2)

We assume that competition forces market makers to set prices so that they earn
zero expected profit conditional on their information at each auction, i.e.,

pJ
n
"E

1
[vJ DDxJ

1
#DuJ

1
,2, DxJ

n
#DuJ

n
], for n"1, 2,2, N. (3)

The zero-profit condition implies that prices follow a martingale with respect to
market makers’ information set. Given this market efficiency condition, the
amount of asymmetric information after the nth round of trading, denoted by
R
n
, is

R
n
"E

1
[(vJ!pJ

n
)2]"Var

1
[vJ DDxJ

1
#DuJ

1
, 2 , DxJ

n
#DuJ

n
],

for n"1, 2, 2, N. (4)

As in Kyle (1985), this measure is called the error variance of price at time n. The
zero-profit condition also implies that the price volatility, denoted by Var

1
(DpJ

n
),

is simply the amount of information revealed at the nth auction, i.e.,

Var
1
(DpJ

n
)"R

n~1
!R

n
. (5)

Furthermore, we assume that market makers’ pricing strategy is linear in their
information set, (DxJ

1
#DuJ

1
, 2, DxJ

n
#DuJ

n
). Thus, equivalently, we consider
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a linear equilibrium in which the pricing rule, Dp
n
, takes the following linear

form:

DpJ
n
"hI

n~1
#j

n
(DxJ

n
#DuJ

n
), for n"1, 2,2, N (6)

where j
n

is some constant and hI
n~1

is some linear function of DxJ
1
#DuJ

1
,2,

DxJ
n~1

#DuJ
n~1

. In the equilibrium that emerges, this will be consistent with the
zero-profit condition.

The informed trader cannot influence the pricing rule by committing to
a particular trading rule before prices are established, while the market makers
impute a trading strategy to the informed trader and set prices accordingly
without observing the informed trader’s quantity. Given the above structure,
Theorem 1 below shows that the model has a unique linear equilibrium.

¹heorem 1. For 0(K(2, there exists a unique linear recursive equilibrium. In
this equilibrium there are constants b

n
, h

n
, j

n
, c

n
, a

n
, u

n
, /

n
, d

n
and R

n
such that

DxJ
n
"(1#c

n
)b

n
Dt

n
(sJ!pJ

n~1
)#h

n
Dt

n
sJ , (7)

DpJ
n
"c

n
pJ
n~1

#j
n
(DxJ

n
#DuJ

n
), (8)

R
n
"Var

1
[vJ DDx

1
#Du

1
,2, Dx

n
#Du

n
], (9)

E
K
[nJ

n
DsJ"s, pJ

1
"p

1
,2, pJ

n~1
"p

n~1
]

"a
n~1

(s!p
n~1

)2#u
n~1

p
n~1

s#/
n~1

s2#d
n~1

. (10)

Given R
0

and p2
u
, the above constants are the unique solution to the difference

equation system as follows: for n"1, 2,2, N,

b
n
Dt

n
"

1!2a
n
j
n

2j
n
(1!a

n
j
n
)
, (11)

h
n
Dt

n
"

!c
n

j
n

, (12)

j
n
"

[(1#c
n
)b

n
#h

n
]R

n
p2
u

, (13)

c
n
"1!K!u

n
j
n
, (14)

R
n
"(1#c

n
)(1!j

n
b
n
Dt

n
)R

n~1
, (15)

a
n~1

"

(1#c
n
)2

4j
n
(1!a

n
j
n
)
, (16)

u
n~1

"u
n
#

(2!K)c
n

j
n

, (17)
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/
n~1

"/
n
#

!c
n

j
n

, (18)

d
n~1

"d
n
#a

n
j2
n
p2
u
Dt

n
(19)

subject to the boundary condition a
N
"u

N
"/

N
"d

N
"0 and the second-order

condition

j
n
(1!a

n
j
n
)'0. (20)

The inequality condition for the belief parameter K, i.e., 0(K(2, results
from the fact that the error variance of price is positive and strictly decreasing
over time, i.e., 0(R

n
(R

n~1
,∀n (see Eq. (4)). To see this, combining Eq. (11)

with Eq. (15) and rearranging yields R
N
/R

N~1
"(2!K)/2 for the last period N.

This leads to the inequality condition since 0(R
N
/R

N~1
(1Q 0(K(2.

Intuitively, the inequality condition means that if a rational informed trader
thinks a risky asset is worth $100, then an irrational informed trader’s subjective
value cannot be less than $0 or more than $200 for the equilibrium to exist. In
addition, combining Eq. (13) with Eq. (15) and rearranging yields
1!j2

n
p2
u
Dt

n
/R

n
"R

n
/R

n~1
. This result implies the existence of a positive root of

the liquidity parameter in each period, i.e., j
n
'0, ∀n, and consequently the

existence of the unique linear equilibrium, provided that the inequality condi-
tion is satisfied. What happens if the belief parameter K approaches its bound-
aries? In the case of extreme overconfidence (i.e., KP2), a simple calculation
shows that both market liquidity and informed trading volume explode in the
last period N, i.e., j

N
P0 and DxJ

n
PR. In the case of extreme underconfidence

(i.e., KP0), the informed trader’s ex post expected value of the risky asset given
her signal is always identical to the asset’s ex ante common expected value, i.e.,
E
K
[vJ Ds]"E

K
[vJ ]"E

1
[vJ ]. Thus, the informed trader lacks an incentive to trade

and, as a result, her trading volume approaches zero uniformly for all periods,
i.e., DxJ

n
P0, ∀n. Market makers recognize this fact and hence are willing to

provide infinite liquidity, i.e., j
n
P0, ∀n, in this case.

Notice that the sequential auction equilibrium of Kyle (1985) corresponds to
the common prior beliefs case of K"1 in this equilibrium. Hence, by compar-
ing this equilibrium with that of Kyle (1985), we are able to gauge the effect of
heterogeneous prior beliefs. First, consider the informed trader’s trading strat-
egy, DxJ

n
. In Kyle’s equilibrium, the strategy is simply a scalar multiple of

sJ!pJ
n~1

, the absolute value of which represents the informed trader’s unit profit
at the nth auction under common prior beliefs. The strategy in our model is
a linear combination of sJ!pJ

n~1
and the size of the signal sJ , which is perfectly

correlated with the perceived private value (K!1)sJ . Thus, the first term in
Eq. (7) represents the trading on information, while the second term represents
the trading on heterogeneous prior beliefs.

Now, consider market maker’s strategy, i.e., the pricing rule DpJ
n
. In Kyle’s

equilibrium, the pricing rule is simply a scalar multiple of the current order
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imbalance, DxJ
n
#DuJ

n
, which is the market makers’ best forecast of the unob-

servable informed trading under common prior beliefs. The pricing rule in our
model is a linear combination of the current order imbalance DxJ

n
#DuJ

n
and the

price of the previous period, pJ
n~1

. This is so because the market makers know
that part of the current order imbalance is induced by heterogeneous prior
beliefs rather than information and, consequently, they use c

n
pJ
n~1

to undo this
influence, as indicated in Eq. (8). Thus, an important testable implication of our
model is the existence of a non-zero ‘heterogeneity’ parameter, c

n
, in the price

innovation process of Eq. (8).
The parameters b

n
and h

n
measure the intensity of the informed trading due to

asymmetric information and heterogeneous prior beliefs, respectively. The para-
meters j

n
and c

n
characterize the pricing rule. In particular, the liquidity

parameter, j
n
, is an inverse measure of market depth. The heterogeneity para-

meter, c
n
, measures the correction in the efficient price change per unit of the

price in the previous period due to heterogeneous prior beliefs. The parameters
a
n~1

, u
n~1

, /
n~1

, and d
n~1

define the quadratic profit function of the informed
trader at the n-th auction. The parameters a

n~1
and d

n~1
correspond to the

profit due to asymmetric information, whereas the parameters u
n~1

and /
n~1

correspond to the profit due to heterogeneous prior beliefs.

3. Equilibrium volume and price dynamics

Given the equilibrium of our model, in this section we investigate how
heterogeneous prior beliefs affect the behavior of prices and trading volume. We
show that (1) heterogeneous prior beliefs lead to a larger trading volume, (2) the
volume of informed trading can be larger than that of liquidity trading, (3)
heterogeneous prior beliefs lead to a serial correlation in volume, and (4) volume
and contemporaneous price volatility or absolute price changes are positively
correlated.

Following Admati and Pfleiderer (1988), the total trading volume at the n-th
auction, denoted Vol

/
, is defined by

Vol
n
"1

2
(DDx

n
D#DDu

n
D#DDy

n
D) (21)

Given that DxJ
n
, DuJ

n
and DyJ

n
are normally distributed, each with zero mean,

simple calculations yield the expected trading volume as shown in
Proposition 1:

Proposition 1. Heterogeneous prior beliefs lead to a larger trading volume and the
expected trading volume at the nth auction is

E
1
[Vol

n
]"

1

J2n
» t

n
"

1

J2n
(» i

n
#» l

n
#»m

n
), (22)
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where

»i
n
,Jvar

1
(DxJ

n
)"S

(1!(R
n
/R

n~1
))

j2
n

(R
n~1

!R
n
)#

c2
n

j2
n

(R
0
!R

n~1
), (23

»l
n
"Jvar

1
(DuJ

n
)"p

u
JDt

n
"S

(R
n
/R

n~1
)

j2
n

(R
n~1

!R
n
), (24)

»m
n
"Jvar

1
(DyJ

n
)"S

1

j2
n

(R
n~1

!R
n
)#

c2
n

j2
n

(R
0
!R

n~1
). (25)

The above Proposition identifies the contribution of each group of traders to

the total trading volume. Ignoring the scaling factor 1/J2n, the expected total
trading volume, »t

n
, is the sum of trades from the informed traders, »i

n
, the

liquidity traders, » l
n
, and the market makers, »m

n
. Notice that the term

(c2
n
/j2

n
)(R

0
!R

n~1
) in Eqs. (23) and (25) vanishes in the common prior beliefs

case of K"1. Both the informed trader and the market makers trade a larger
volume under heterogeneous prior beliefs and thus lead to an increase in total
trading volume.

Informed trading consists of two sources: the term

(1!(R
n
/R

n~1
))

j2
n

(R
n~1

!R
n
)

represents the volume generated by asymmetric information, whereas the other
term (c2

n
/j2

n
)(R

0
!R

n~1
) represents the volume generated by heterogeneous

prior beliefs. The volume of trading on information is proportional to
R
n~1

!R
n
, which is exactly, by Eq. (5), the current price volatility Var

1
(DpJ

n
).

Thus, price volatility is indeed a good measure of information revelation
through trading. But, volume of the trading on heterogeneous prior beliefs
depends on the cumulative price volatility up to the last period, i.e.,
R
0
!R

n~1
"+n~1

m/1
Var

1
(DpJ

m
). This result indicates a dilemma of informed trad-

ing. On the one hand, to exploit differences in beliefs, the informed trader should
trade aggressively early on so that R

0
!R

n~1
is large; on the other hand, to

maximize her information advantage, she should restrict aggressive trading
early on. It is therefore interesting to see how this dilemma is resolved in
a dynamic context. In the next section, we show that the informed trader’s
optimal dynamic strategy facing such a dilemma can be characterized as follows:
smooth trading on asymmetric information occurs continuously over time (so
that information is revealed gradually); trading on beliefs is virtually non-
existent in all early auctions, but it increases dramatically and becomes substan-
tial in the last few rounds.

Unlike the previous trading model based solely on asymmetric information
and liquidity, informed trading in our model need not be dominated by liquidity
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trading. A straightforward comparison between Eqs. (23) and (24) yields the
condition, in terms of the degree of heterogeneity, that leads to a larger volume
of informed trading than liquidity trading, as shown in Proposition 2 below.

Proposition 2. ¹he expected volume of informed trading at the n-th auction is
larger than that of liquidity trading if and only if

c2
n
'

[(2R
n
/R

n~1
)!1](R

n~1
!R

n
)

R
0
!R

n~1

, for n"1, 2,2, N. (26)

The numerical results in the next section show that indeed the volume of
informed trading can be larger than that of liquidity trading if the degree of
heterogeneity is large enough, even though this occurs mainly in the last few
auctions.

There is empirical evidence indicating that trading volume is autocorrelated
(e.g., Harris, 1987; Campbell et al., 1993). Our model shows that heterogeneous
prior beliefs may play a critical role in generating this result.

Proposition 3. Informed trading on heterogeneous prior beliefs leads to an autocor-
relation in order-imbalance and a positive autocorrelation in trading volume.

Since liquidity trading is uncorrelated in our model, any autocorrelation in
volume must come from informed trading. Note, however, that market efficiency
condition implies that price changes are serially uncorrelated, i.e., Cov

1
(DpJ

n
,

DpJ
n`1

)"0. Under common prior beliefs, serially uncorrelated price changes, in
turn, imply that market makers’ order-imbalance and informed trading are both
serially uncorrelated, i.e., Cov

1
(DyJ

n
, DyJ

n`1
)"Cov

1
(DxJ

n
, DxJ

n`1
)"0. As a result,

trading volume is serially uncorrelated under common prior beliefs. By contrast,
under heterogeneous prior beliefs, serially uncorrelated price changes do not
necessarily imply that order-imbalance and informed trading are serially uncor-
related. To see this, observe that Eq. (8) implies

Cov
1
(DyJ

n
, DyJ

n`1
)"Cov

1A
1

j
/

(DpJ
n
!c

n
pJ
n~1

),
1

j
n`1

(DpJ
n`1

!c
n`1

pJ
n
)B. (27)

By Eq. (27), order-imbalance can be autocorrelated under heterogeneous prior
beliefs, i.e., c

n
O0, ∀n, despite the fact that price changes are still serially

uncorrelated. In fact, as mentioned previously, informed trading on heterogen-
eous prior beliefs in each period depends on cumulative price volatility, i.e.,
R
0
!R

n~1
"+n~1

m/1
Var

1
(DpJ

m
), which by definition is overlapping over time.

Consequently, correlated informed trading on heterogeneous prior beliefs gener-
ates an autocorrelation in order-imbalance and, ultimately, a positive autocor-
relation in trading volume. Although informed trading on heterogeneous
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prior beliefs is unobservable, its effect can be gauged by market makers’
order-imbalance autocorrelation, Corr

1
(DyJ

n
, DyJ

n`1
).

The result that volume exhibits serial correlation is also obtained by Foster
and Viswanathan (1993), Wang (1994), Harris and Raviv (1993), and He and
Wang (1995). Our model is distinguished from other models, except Harris and
Raviv (1993), by attributing the sources of this serial correlation to trading on
heterogeneous prior beliefs, not to trading on private information. Furthermore,
the heterogeneity in Harris and Raviv’s model is due to the different interpreta-
tions of public information, whereas in our model it is due to different inter-
pretations of private information.

Many empirical studies document a positive correlation between volume and
price volatility or absolute price changes over time (e.g., Karpoff, 1987; Jain and
Joh, 1988; Gallant et al., 1992). It is obvious in our model that volume and
contemporaneous price volatility is positively correlated since trading on in-
formation is determined by contemporaneous price volatility, as indicated in
Eqs. (23) and (25). Similarly, the magnitudes of absolute price changes and of
trading on information are both positively related to the amount of information
revealed at each auction. Thus, our model also predicts a contemporaneous
volume-absolute price changes correlation, as shown in Propositions 4.

Proposition 4. ¹he correlation between volume and contemporaneous price volatil-
ity or absolute price changes is positive.

These results are similarly obtained by Kim and Verrecchia (1991), Wang
(1994), Shalen (1993), and Harris and Raviv (1993). Our model differs from other
models by showing that the result is obtained from a trading model based on
heterogeneous prior beliefs, rather than on private information, where the
heterogeneity is due to different interpretations of private information, not of
public information.

4. General properties of the equilibrium

In Section 3, we focus on how heterogeneous prior beliefs affect the behavior
of trading volume and prices. In this section, we assess the properties of
the equilibrium with heterogeneous prior beliefs in more detail. To this end,
following Holden and Subrahmanyam (1992), we develop an algorithm
that analytically solves the model’s unique equilibrium, as described in
Theorem 2 below.

¹heorem 2. ¸et Dt
n
"1/N, q

n
,a

n
j
n
and z

n
,u

n
j
n
, ∀n"1, 2, 2, N.

For 0(K(2, the solution of the difference equation system in ¹heorem 1 is
given by starting from the boundary condition q

N
"z

N
"0 and iterating
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backward for q
N~1

,2, q
1

and z
N~1

,2, z
1

by using the unique root of the cubic
equation as follows:

q3
n~1

!q2
n~1

#a
n
q
n~1

#b
n
"0, (28)

0(q
n~1

(1, (29)

a
n
"

(2!K!z
n
)2(z

n
!K!2q

n
#2Kq

n
)

4(K#z
n
!2q

n
)

, (30)

b
n
"

(2!K!z
n
)3K

8(K#z
n
!2q

n
)
. (31)

And, z
n~1

is given by

z
n~1

"

4(1!K)(1!q
n
)

2!K!z
n

q
n~1

. (32)

¹hen starting from the exogenous values R
0

and p2
u
, iterate forward for the

following variables in the order listed:

R
n
"

(2!K!z
n
)

2(1!q
n
)

R
n~1

, (33)

j
n
"S

(K#z
n
!2q

n
)R

n
2(1!q

n
)p2

u
Dt

n

, (34)

b
n
"

(1!2q
n
)

2j
n
(1!q

n
)Dt

n

, (35)

c
n
"1!K!z

n
, (36)

h
n
"

!(1!K!z
n
)

j
n
Dt

n

(37)

and

a
n~1

"

(1#c
n
)2

4j
n
(1!q

n
)
. (38)

Finally, starting from the boundary condition u
N
"/

N
"d

N
"0, iterate back-

ward to calculate u
n~1

, /
n~1

and d
n~1

using Eqs. (17)—(19) respectively.

The above algorithm utilizes three pivotal facts. First, the cubic Eq. (28) has
a unique solution that satisfies the admissible range specified in Eq. (29). Second,
Eqs. (28)—(32) are only functions of K and of the number of periods before the
end of trading, i.e., N!n#1, not of Dt

n
. Starting from the boundary conditionq

q
N
"z

N
"0, the sequences (q

N~1
, q

N~2
,2, q

1
, q

0
) and (z

N~1
, z

N~2
,2, z

1
, z

0
)

calculated backwards are the same regardless of what N is. Third, Eqs. (33)—(38)
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show that all parameters in Theorem 1, i.e., b
n
, h

n
, j

n
, c

n
, a

n~1
, u

n~1
, /

n~1
,

d
n~1

, and R
n~1

are simply functions of q
n
and z

n
, ∀n. Therefore, given the

boundary condition a
N
"u

N
"/

N
"d

N
"0, these parameters are uniquely

determined once q
n
and z

n
are obtained using Eqs. (28)—(32).

4.1. Limiting results as noise trading vanishes

Given the algorithm above, we can examine the limiting result of our model as
the variance of noise trading approaches zero, i.e., p2

u
P0. To do this, note that

by Eq. (33) the terminal error variance of price is given by

R
N
"R

0

N
<
n/1

R
n

R
n~1

"R
0

N
<
n/1

2!K!z
n

2(1!q
n
)

.

By holding the number of period N fixed, q
n
and z

n
are uniquely determined

such that 0(R
n
/R

n~1
(1. Hence, not all private information is incorporated

into prices by the end of trading with any finite number of period N, i.e.,
R
N
'0, ∀N(R. Applying these results to Eq. (34) and letting the variance of

noise trading approach zero, the liquidity parameter approaches infinity, i.e.,
j
n
PR as p2

u
P0, ∀n"1, 2,2, N. Applying this limiting result to Eqs. (35)

and (37), both intensity parameters approach zero, i.e., b
n
P0 and h

n
P0, ∀n. As

a result, informed trading approaches zero uniformly as noise trading vanishes,
i.e., DxJ

n
P0 as p2

u
P0, ∀n. This result seems surprising because one might think

that with little noise trading as camouflage, the informed trader and market
makers with risk neutrality would agree to trade infinite quantities, given their
differences in beliefs. Our result indicates, on the contrary, that as noise trading
vanishes in the limit, market makers will provide little liquidity while the
informed trader will trade little. This result underscores an important distinction
between the case of noise trading vanishing in the limit and the case of no noise
trading at all. Interestingly, with such little trading in the limit the price will still
adjust, albeit partially, to the private signal sJ @s value over time, and the adjust-
ment does not depend on the size of noise trading. The complete limiting results
of our model are stated in Proposition 5.

Proposition 5. Given any finite number of period N, as the noise trading vanishes,
i.e., p2

u
P0, the limiting results of our model are obtained as follows: for ∀n,

j
n
PR (market liquidity vanishes in the limit), (39)

b
n
P0 and h

n
P0 (informed trading intensities vanish), (40)

a
n~1

P0, u
n~1

P0, /
n~1

P0, and d
n~1

P0 (all profit parameters vanish),

(41)
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DxJ
n
P0 (informed trading volume vanishes), (42)

DpJ
n
PDpJ

n
"c

n
(sJ!pJ

n~1
)#(c

n
R
n
)1@2mI

n
, (partial adjustment of the price),

(43)

where c
n
"1!R

n
/R

n~1
is a constant such that 0(c

n
(1 and mI

n
&N(0, 1).

The above limiting results indicate that informed trading and profits are both
proportional to noise trading; the private information is partial incorporated
into prices over time and, clearly, the price adjustment does not depend on the
size of noise trading. In this sense, as in Kyle (1985), noise trading does not
destabilize the market and, on the contrary, it enhances market liquidity and
facilitates trades.

4.2. Numerical results for different degrees of heterogeneity

In order to compare the heterogeneous priors case to the common priors case,
we use the above algorithm to generate a series of numerical results of our model
by holding constants N"20, R

0
"1 and p

u
2"1 fixed and varying the belief

parameter K"0.5, 1, 1.2, 1.5, or 1.8. Notice that the informed trader is
overconfident (underconfident) if K'1 (K(1) while the case of K"1 is used
as the benchmark case in which all traders have common prior beliefs, as in Kyle
(1985). We examine the dynamic behavior of the trading intensity parameters of
asymmetric information and heterogeneous beliefs, b

n
and h

n
, respectively, the

liquidity parameter, j
n
, the heterogeneity parameter, c

n
, the error variance of

price, R
n
, the price volatility, Var

1
(DpJ

n
), the expected total trading volume, »t

n
,

and its breakdown into various groups of traders: the informed trader, »i
n
, the

liquidity traders, »l
n
, and the market makers, »m

n
, and the order-imbalance

autocorrelation, Corr
1
(DyJ

n
, DyJ

n`1
).

Fig. 1 indicates that the informed trader restricts her intensity of trading on
information, measured by b

n
, during all early auctions and becomes aggressive

only in the last few rounds of trades. The aggressiveness of trading on informa-
tion in those last few rounds rises with the confidence level, i.e., the belief
parameter, K. This result is intuitive since the more confident the informed
trader is about her information the more aggressively she will trade on the
information. Fig. 2 shows that the informed trader trades on differences in
beliefs only in the last few auctions since the intensity of trading on heterogen-
eous prior beliefs, measured by h

n
, is negligible in all early auctions. The

aggressiveness of trading on heterogeneous prior beliefs in those last few rounds
rises with the degree of heterogeneity, measured by DK!1D.

Fig. 3 shows that the liquidity parameter, j
n
, remains high and flat during all

early auctions and it drops dramatically in the last few ones, since by then most
information asymmetry is resolved through trading. This pattern is consistent
with the informed trader’s strategies as indicated in Figs. 1 and 2. The informed
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Fig. 1.

Fig. 2.
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Fig. 3.

trader restricts her trading in early auctions when market liquidity remains poor
and accelerates her trading in the last few rounds when the liquidity is much
better. Market liquidity is worse for more aggressive trading, measured by
a larger K, during all early auctions because of a worse adverse selection
problem. The situation reverses in the last few rounds, because there is less
information asymmetry, measured by R

n
, present in the market.

Fig. 4 shows that the heterogeneity parameter, c
n
, is almost nil in all early

auctions and becomes significant only in the last few ones. This pattern is again
consistent with the informed trader’s strategies. Market makers correctly predict
that heterogeneous prior beliefs have an impact on informed trading only in the
last few auctions and, consequently, undo the impact in those last few auctions,
indicated by a non-zero c

n
, in order to account for the adverse selection problem

properly. This intuition is further confirmed by the fact that the pattern in Fig. 4
is exactly the opposite of the pattern in Fig. 2.

Fig. 5 indicates that less information asymmetry, measured by the error
variance of price R

n
, is present in the market with more aggressive informed

trading, measured by the belief parameter K. Fig. 6 shows that indeed the
informed trader is modest in her trading early on and becomes aggressive only
in the last few rounds. Hence, the amount of information revealed, measured by
the price volatility Var

1
(DpJ

n
), is typically larger in the last few auctions. The price

336 F.A. Wang/Journal of Financial Markets 1 (1998) 321—352



Fig. 4.

Fig. 5.
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Fig. 6.

volatility generally rises with the level of confidence, measured by the belief
parameter K.

Fig. 7 shows that the total expected trading volume, »t
n
, remains flat during

all early auctions and jumps significantly in the last few ones when aggressive
trading on heterogeneous prior beliefs occurs. This result vividly confirms
Proposition 1 that heterogeneous prior beliefs lead to a larger trading volume.
Moreover, the dynamic pattern in Fig. 7 indicates that such a larger volume
occurs mainly in the last few auctions and is positively related to the degree of
heterogeneity, measured by DK!1D.

A closer look at the breakdown of the total expected volume for the case of
K"1.5 in Fig. 8 indicates that informed trading, »i

n
, becomes larger than that

of the liquidity trading, »l
n
, near the end of trading. This result confirms

Proposition 2 that informed trading can be larger than liquidity trading under
heterogeneous prior beliefs. The results from Figs. 7 and 8 suggest that hetero-
geneous prior beliefs magnify trading volume and may better explain the high
volume phenomenon in financial markets than the liquidity trading proposed in
previous trading models under common prior beliefs. Finally, the dynamic
pattern in Fig. 7 exhibits a concentration pattern near the end of trading. This
pattern is consistent with the widely documented U-shaped intraday pattern in
trading volume at the close (Wood et al., 1985; Jain and Joh, 1988).
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Fig. 7.

Fig. 8.
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Fig. 9.

Fig. 9 indicates that the order-imbalance autocorrelation, Corr
1
(DyJ

n
, DyJ

n`1
),

is non-zero only in the last few auctions. This implies that trading on heterogen-
eous prior beliefs is significant in those periods, which leads to a positive
autocorrelation in volume. The trading volume in all early auctions is neverthe-
less uncorrelated. This result confirms Proposition 3 that such a positive
autocorrelation in volume is driven by aggressive trading on heterogeneous
prior beliefs.

To ensure that the above findings do not depend on the particular number of
auctions chosen, i.e., N"20, we also study the numerical results for the cases of
N"4, 100, and 1000. In all cases, we obtain essentially the same insights
regarding the effects of heterogeneous prior beliefs in our model.

5. Conclusions

We have investigated a dynamic model of strategic trading when traders face
both asymmetric information and heterogeneous prior beliefs, in additional to
liquidity shocks. In the model, heterogeneous prior beliefs arise because traders
agree to disagree with the precision of an informed trader’s private signal. But,
the divergence of beliefs cannot be unbounded for equilibrium to exist. Our
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model thus captures Aumann’s (1976) intuition of agreeing to disagree and
contrasts with previous trading models with common prior beliefs.

Our model indicates that as noise trading vanishes in the limit, market makers
will provide little liquidity while the informed trader will trade little. This result
seems surprising because one might think that with little noise trading as
camouflage, the informed trader and market makers with risk neutrality would
agree to trade infinite quantities, given their differences in beliefs. Our model
also shows that the speed of price adjustment in each period does not depend on
noise trading. Thus, even with little trading in the limit the price will adjust,
albeit partially, to the signal’s value over time.

Our model implies that in equilibrium a separation of trading motives
emerges: the motive of asymmetric information dominates in early rounds of
trading, whereas heterogeneous prior beliefs prevail in the last few rounds. In
particular, the model shows that heterogeneous prior beliefs result in a large
increase in trading volume, and hence may better explain the volume phenom-
enon in financial markets than liquidity trading. Such a large increase in volume
tends to concentrate toward the end of trading. This result is consistent with the
widely documented U-shaped intraday pattern in trading volume at the close
(e.g., Wood et al., 1985; Gerety and Mulherin, 1992).

Our model predicts a positive correlation between trading volume and con-
temporaneous price volatility or absolute price changes. The model also predicts
that heterogeneous prior beliefs lead to a positive autocorrelation in volume.
These results are consistent with empirical evidence (e.g., Harris, 1987; Karpoff,
1987; and Gallant et al., 1992). Our model contrasts with other models with
similar predictions by the fact that these results are obtained from a trading
model based on heterogeneous prior beliefs, not on diverse private information
(e.g., Kim and Verrecchia, 1991; He and Wang, 1995). Furthermore, the hetero-
geneity in our model is due to different interpretations of private information,
not of public information (e.g. Harris and Raviv, 1993).
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Appendix

Proof of ¹heorem 1. Using a dynamic programming approach, we first hypothe-
size that the expected profit of the informed trader from the n#1th auction on

F.A. Wang/Journal of Financial Markets 1 (1998) 321—352 341



is, for n"0, 1, 2,2, N,

E
K
[nJ

n`1
DsJ"s, pJ

1
"p

1
,2, pJ

n
"p

n
]"a

n
(s!p

n
)2#u

n
p
n
s#/

n
s2#d

n
.

(A.1)

Obviously, this hypothesis satisfies the boundary condition for a
N
"u

N
"

/
N
"d

N
"0 since no profits can be made after trading is completed. At the nth

auction, the informed trader chooses an optimal trading quantity Dx
n
in order to

maximize her expected profit from the nth auction on, given her observation of
the private signal and past prices, i.e.,

Max
Dxn

E
K
[nJ

n
DsJ"s, pJ

1
"p

1
,2, pJ

n~1
"p

n~1
]. (A.2)

Since nJ
n
is given recursively by nJ

n
"(vJ!pJ

n
)DxJ

n
#nJ

n`1
, we can rewrite Eq. (A.2)

as

Max
Dxn

E
K
[(vJ!pJ

n
)DxJ

n
#a

n
(sJ!pJ

n
)2#u

n
p
n
sJ#/

n
sJ 2#d

n
Ds, p

1
,2, p

n~1
].

(A.3)

In a linear equilibrium, substituting the expression of pJ
n

from Eq. (6) into
Eq. (A.3) and evaluating the conditional expectation yields

Max
Dxn

E
K
[nJ

n
DsJ"s, pJ

1
"p

1
,2, pJ

n~1
"p

n~1
]

"Max
Dxn

[(Ks!p
n~1

!h
n~1

!j
n
Dx

n
)Dx

n
#a

n
(s!p

n~1
!h

n~1
!j

n
Dx

n
)2

#a
n
j2
n
p2
u
Dt

n
#u

n
(p

n~1
#h

n~1
#j

n
Dx

n
)s#/

n
s2#d

n
]. (A.4)

The first-order condition of Eq. (A.4) yields the optimal trading strategy

Dx
n
"b

n
Dt

n
(s!p

n~1
!h

n~1
)#t

n
Dt

n
s ∀n"1, 2,2, N, (A.5)

where b
n
Dt

n
is given by Eq. (11) and t

n
Dt

n
is given by

t
n
Dt

n
"

K!1#u
n
j
n

2j
n
(1!a

n
j
n
)
. (A.6)

We can identify the exact linear form of hI
n~1

using the fact that pJ
n

is
a martingale with respect to the corresponding information set (DxJ

1
#DuJ

1
,
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2, DxJ
n
#DuJ

n
). Thus, we obtain

E
1
[Dp

n
DDxJ

1
#DuJ

1
,2, DxJ

n~1
#DuJ

n~1
]"0 ∀n"1,2, N. (A.7)

Substituting DpJ
n
from Eq. (6) into Eq. (A.7) yields

E
1
[hI

n~1
#j

n
(DxJ

n
#DuJ

n
)DDxJ

1
#DuJ

1
,2, DxJ

n~1
#DuJ

n~1
]"0

∀n"1,2, N. (A.8)

Substituting DxJ
n

from Eq. (A.5) into Eq. (A.8) and evaluating the conditional
expectation yields

(1!j
n
b
n
Dt

n
)h

n~1
#j

n
t

n
Dt

n
p
n~1

"0 ∀n"1,2, N. (A.9)

Substituting b
n
Dt

n
and t

n
Dt

n
from Eqs. (11) and (A.6) into Eq. (A.9) and rear-

ranging yields

h
n~1

"c
n
p
n~1

∀n"1,2, N, (A.10)

where c
n
is given by Eq. (14). Plugging Eq. (A.10) into Eq. (A.5) and rearranging

yields the ex ante optimal trading strategy:

DxJ
n
"(1#c

n
)b

n
Dt

n
(sJ!pJ

n~1
)#h

n
Dt

n
sJ ∀n"1,2, N, (A.11)

where h
n
Dt

n
is given by Eq. (12). Similarly, plugging Eq. (A.10) into Eq. (6) yields

the ex ante efficient pricing rule:

DpJ
n
"c

n
pJ
n~1

#j
n
(DxJ

n
#DuJ

n
) ∀n"1,2, N. (A.12)

To identify j
n
, we use again the fact that pJ

n
is a martingale and thus obtain

DpJ
n
"E

1
[vJ!pJ

n~1
DDxJ

1
#DuJ

1
,2, DxJ

n
#DuJ

n
] ∀n"1,2, N. (A.13)

By the projection theorem, Eqs. (A.12) and (A.13) together imply that DpJ
n
is the

projection of vJ!pJ
n

onto the n-dimension space spanned by (DxJ
1
#DuJ

1
,2,

DxJ
n
#DuJ

n
) in which j

n
is the coefficient of the nth orthogonal basis,

(c
n
/j

n
)pJ

n~1
#DxJ

n
#DuJ

n
. By the martingale property, vJ!pJ

n
is orthogonal to all

other n!1 bases. Thus, we may rewrite Eq. (A.13) as

DpJ
n
"E

1CvJ!pJ
n~1 K

c
n

j
n

pJ
n~1

#DxJ
n
#DuJ

nD ∀n"1,2, N. (A.14)

Substituting DxJ
n
from Eq. (A.11) into Eq. (A.14) and evaluating the expectation,

we obtain

j
n
"

[(1#c
n
)b

n
Dt

n
#h

n
Dt

n
]R

n~1
[(1#c

n
)b

n
Dt

n
#h

n
Dt

n
]2R

n~1
#p2

u
Dt

n

∀n"1,2, N. (A.15)
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Using Eqs. (A.11) and (A.12) and calculating explicitly R
n
in Eq. (4), we obtain

R
n
"

R
n~1

p2
u
Dt

n
[(1#c

n
)b

n
Dt

n
#h

n
Dt

n
]2R

n~1
#p2

u
Dt

n

∀n"1,2, N. (A.16)

A simple calculation shows that Eqs. (A.15) and (A.16) together imply Eqs. (13)
and (15).

To verify that our hypothesis for the expected profit in Eq. (A.1) is consistent
with the equilibrium, we plug Eqs. (A.10) and (A.11) into Eq. (A.4) and rearrange
terms. Thus, we obtain

E
K
[nJ

n
DsJ"s, pJ

1
"p

1
,2, pJ

n~1
"p

n~1
]

"a
n~1

(s!p
n~1

)2#u
n~1

p
n~1

s#/
n~1

s2#d
n~1

, (A.17)

where a
n~1

, u
n~1

, /
n~1

and d
n~1

are given by Eqs. (16)—(19), respectively. Obvi-
ously, Eq. (A.1) is consistent with Eq. (A.17) in equilibrium.

So far, it is shown that, given R
0

and p2
u
, Eqs. (11)—(20) and the boundary

condition a
N
"u

N
"/

N
"d

N
"0 are the necessary and sufficient conditions

for a recursive linear equilibrium DxJ
n
and DpJ

n
as in Eqs. (7) and (8), respectively.

We now prove the uniqueness of this linear equilibrium by showing that the
difference equation system Eqs. (11)—(19) has a unique solution satisfying the
boundary condition a

N
"u

N
"/

N
"d

N
"0 and the second-order condition

(20). Use Eqs. (11)—(14) together and simplify to get

A1!
j2
n
p2
u
Dt

n
R

n
B(1!a

n
j
n
)"

2!K!u
n
j
n

2
∀n"1, 2,2, N. (A.18)

Note, Eqs. (16) and (20) together imply

a
n~1

'0 ∀n"1, 2,2, N, (A.19)

j
n
'0 ∀n"1, 2,2, N. (A.20)

Applying the boundary condition a
N
"u

N
"0 to (A.18) yields

1!
j2
N
p2
u
Dt

N
R

N

"

2!K

2
. (A.21)

Given K'0, from Eqs. (A.20) and (A.21), we obtain the boundary condition for
any finite N,

R
N
'0. (A.22)
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Given Eq. (A.22) and the market efficiency condition, we have

0(R
n
(R

n~1
∀n"1, 2,2, N. (A.23)

Combining Eq. (13) with Eq. (15) and rearranging yields

1!
j2
n
p2
u
Dt

n
R
n

"

R
n

R
n~1

. (A.24)

From Eqs. (A.20), (A.23) and (A.24), we obtain

0(
j2
n
p2
u
Dt

n
R
n

(1 ∀n"1, 2,2, N. (A.25)

Note that Eqs. (A.21) and (A.25) together yields the inequality condition

0(K(2. (A.26)

Given a
n
, u

n
, R

n
, and the inequality condition 0(K(2, Eq. (A.18) is a cubic

equation in j
n

which has three roots. But only the middle root satisfies the
second-order condition, the equilibrium j

n
is thus uniquely determined. Fur-

thermore, given a
n
, u

n
, /

n
, d

n
, R

n
and j

n
, it is straightforward to obtain

c
n
, b

n
, h

n
, a

n~1
, u

n~1
, /

n~1
, d

n~1
and R

n~1
from the difference equation system

(11)—(19). Thus we have iterated the system backwards one step.
Given the inequality condition 0(K(2, the second-order condition

j
n
(1!a

n
j
n
)'0 and the boundary condition a

N
"u

N
"/

N
"d

N
"0, the back-

ward iteration procedure yields a family of solutions to the difference equation
system parameterized by the terminal value R

N
. Moreover, if

j
n
, c

n
, b

n
, h

n
, a

n~1
, u

n~1
, /

n~1
, d

n~1
and R

n~1
solve the difference equation sys-

tem given arbitrary R
N

and a
N
"u

N
"/

N
"d

N
"0, then for any positive

constant c, it is true that cj
n
, c

n
, (1/c)b

n
, (1/c)h

n
, (1/c)a

n~1
, (1/c)u

n~1
, (1/c)/

n~1
,

cd
n~1

and c2R
n~1

also solve the difference equation system with terminal value
c2R

N
. Thus, R

N
is proportional to R

0
in any solution and consequently there is

a unique solution given the initial value R
0
. Q.E.D.

Proof of Proposition 1. Taking the expectation on both sides of Eq. (21) and
recognizing that DxJ

n
, DuJ

n
and DyJ

n
are normally distributed, each with zero

mean, we obtain

E
1
[Vol

n
]"1

2
(E

1
[DDxJ

n
D]#E

1
[DDuJ

n
D]#E

1
[DDyJ

n
D])

"

1

J2n
(Jvar

1
(DxJ

n
)#Jvar

1
(DuJ

n
)#Jvar

1
(DyJ

n
)

"

1

J2n
(»i

n
#»l

n
#»m

n
)"

1

J2n
»t

n
, (A.27)
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where »i
n
,Jvar

1
(DxJ

n
), »l

n
,Jvar

1
(DuJ

n
), »m

n
,Jvar

1
(DyJ

n
) and »t

n
,»i

n
#

»l
n
#»m

n
.

Now we derive var
1
(DyJ

n
) as follows. By definition,

DyJ
n
"DxJ

n
#DuJ

n
, (n"1, 2,2, N). (A.28)

Substituting for DxJ
n
according to Eqs. (7) and (12) in Theorem 1, and rearrang-

ing yields

DyJ
n
"C(1#c

n
)b

n
Dt

n
!

c
n

j
n
D(sJ!pJ

n~1
)!

c
n

j
n

pJ
n~1

#DuJ
n
. (A.29)

Taking variance on both sides of Eq. (A.29) yields

var
1
(DyJ

n
)"C(1#c

n
)b

n
Dt

n
!

c
n

j
n
D

2
R
n~1

#p2
u
Dt

n
#

c2
n

j2
n

(R
0
!R

n~1
). (A.30)

Applying Eqs. (A.15) and (A.16) into Eq. (A.30) yields

var
1
(DyJ

n
)"

1

j2
n

(R
n~1

!R
n
)#

c2
n

j2
n

(R
0
!R

n~1
). (A.31)

To derive var
1
(DxJ

n
), taking variance of both sides of Eq. (A.28) and rearranging

yields

var
1
(DxJ

n
)"var

1
(DyJ

n
)!p2

u
Dt

n
. (A.32)

Substituting Eq. (A.30) into Eq. (A.32), using Eq. (A.16) and rearranging yields

var
1
(DxJ

n
)"

p2
u
Dt

n
R
n

(R
n~1

!R
n
)#

c2
n

j2
n

(R
0
!R

n~1
). (A.33)

By definition, var
1
(DuJ

n
)"p2

u
Dt

n
. Similar calculations yield Eq. (24). Q.E.D.

Proof of Proposition 3. To prove Propositions 3 and 4, we need Lemma 1 as
follows:

¸emma 1. ¹he covariance between the absolute value of two normally distributed
variables xJ and yJ with correlation o(xJ , yJ ) and zero means is equal to

Cov(DxJ D, DyJ D)"
2

n
(Var(xJ )Var(yJ ))((1!o2(xJ , yJ ))1@2

!1#o(xJ , yJ )ArcSin[o(xJ , yJ )]). (A.34)
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Moreover,

Cov(xJ , yJ )"0 Q o(xJ , yJ )"0NCov(DxJ D, DyJ D)"0; (A.35)

Cov(xJ , yJ )O0 Q o(xJ , yJ )O0NCov(DxJ D, DyJ D)'0. (A.36)

Given Lemma 1, we prove Proposition 3 as follows. With Eqs. (21) and (A.35),
and that noise trading is independent of all other variables, we obtain, for
n"1, 2,2, N!1,

Cov
1
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n
, Vol

n`1
)

"

1

4
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1
(DDyJ

n
D, DDxJ
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1
(DDyJ
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D, DDyJ

n`1
D)] (A.37)

Using the condition that noise trading is independent of all other variables
again, obtain

Cov
1
(DyJ

n
, DyJ

n`1
)"Cov

1
(DyJ

n
, DxJ

n`1
)

"Cov
1
(DxJ

n
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n`1
)"Cov

1
(DxJ

n
, DxJ

n`1
). (A.38)

Given Eqs. (A.37) and (A.38) and the above lemma, we obtain, for n"1, 2,2,
N!1,

Cov
1
(DyJ

n
, DyJ

n`1
)"0NCov

1
(Vol

n
, Vol

n`1
)"0

and

Cov
1
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n
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n`1
)O0NCov

1
(Vol

n
, Vol

n`1
)'0. (A.39)

To determine Cov
1
(DyJ

n
, DyJ

n`1
), we use Eq. (8) and rearrange as follows:
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n
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)) (A.40)

The last equality is obtained using Eqs. (3) and (5). Q.E.D.
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Proof of Proposition 4. This proof is in the same spirit as the last proof. Given
Eqs. (21) and (A.35), we obtain

Cov
1
(DDpJ

n
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n
)"1

2
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1
(DDpJ

n
D, DDxJ
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2
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1
(DDpJ

n
D, DDyJ

n
D). (A.41)

Using the condition that noise trading is independent to all other variables
again, obtain
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1
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n
, DxJ

n
)"Cov

1
(DpJ

n
, DyJ

n
)

"Cov
1ADpJ

n
,
1

j
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n
!c

n
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)B
"

1

j
n

Var
1
(DpJ

n
)'0. (A.42)

Eqs. (A.36), (A.41) and (A.42) together imply Cov
1
(DDpJ

n
D, Vol

n
)'0. Q.E.D.

Proof of ¹heorem 2. Let

q
n
,a

n
j
n
, (A.43)

z
n
,u

n
j
n
. (A.44)

Plugging Eq. (A.44) into Eq. (14) yields

c
n
"1!K!z

n
. (A.45)

Plugging Eqs. (A.43) and (A.45) into Eq. (16) yields

a
n~1

"

(2!K!z
n
)2

4j
n
(1!q

n
)

. (A.46)

Multiplying both sides of Eq. (A.46) by k
n~1

and using Eq. (A.43) yields

j
n

j
n~1

"

(2!K!z
n
)2

4(1!q
n
)q

n~1

. (A.47)

Multiplying both sides of Eq. (17) by j
n
and using Eqs. (A.44) and (A.45) yields

u
n~1

"

(1!K)(2!K!z
n
)

j
n

. (A.48)

Multiplying both sides of Eq. (A.48) by j
n~1

and using Eq. (A.44) yields

j
n

j
n~1

"

(1!K)(2!K!z
n
)

z
n~1

. (A.49)
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Equating Eq. (A.47) with Eq. (A.49) yields

z
n~1

"

4(1!K)(1!q
n
)

(2!K!z
n
)

q
n~1

. (A.50)

Assume that all time intervals between auctions are equally spaced, i.e.,

Dt
n
"1/N. (A.51)

Plugging Eqs. (A.43) and (A.51) into Eq. (11) yields

b
n
"

N(1!2q
n
)

2j
n
(1!q

n
)
. (A.52)

Plugging Eqs. (A.45) and (A.51) into Eq. (12) yields

h
n
"

!N(1!K!z
n
)

j
n

. (A.53)

Plugging Eqs. (A.45), (A.52) and (A.53) into Eq. (13) and rearranging yields

j
n
"S

N(K#z
n
!2q

n
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n
2(1!q
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)p2
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. (A.54)

From Eq. (A.54), we obtain
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Plugging Eqs. (A.43) and (A.45) into Eq. (15) and rearranging yields

R
n
"

(2!K!z
n
)

2(1!q
n
)

R
n~1

. (A.56)

Plugging Eq. (A.56) into Eq. (A.55) yields
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n
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"
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n
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n
)(1!q

n~1
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. (A.57)

Squaring both sides of Eq. (A.47) yields

j2
n

j2
n~1

"

(2!K!z
n
)4

16(1!q
n
)2q2

n~1

. (A.58)

Equating Eq. (A.57) with Eq. (A.58), using Eq. (A.50) and rearranging terms
yields Eqs. (28), (30) and (31). From Eqs. (20), (A.19) and (A.20), we obtain the
inequality Eq. (29).
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Finally, we show that the cubic Eq. (28) has a unique root satisfying the
inequality condition (29). To do so, we rewrite Eq. (28) as

f (q
n~1

)"g(q
n~1

), (A.59)

where

f (q
n~1

)"b
n
#a

n
q
n~1

, (A.60)

g(q
n~1

)"q2
n~1

(1!q
n~1

). (A.61)

Given the boundary condition q
N
"z

N
"0, both sides of Eq. (A.59) are func-

tions of q
n~1

. It is straightforward to show that the two functions,
f (q

n~1
) and g(q

n~1
) have a unique point of intersection in the interval specified

by Eq. (29). Moreover, if 1(K(2, then simple calculations show that the
unique root lies in a smaller interval, q

n~1
3 (0, 0.5). Q.E.D.

Proof of Proposition 5. Given the limiting result of the liquidity parameter, i.e.,
j
n
PR, as p2

u
P0, ∀n, as discussed in the main text, all other limiting results of

the proposition are straightforward to obtain except the price adjustment
process in Eq. (43). Hence, we only prove Eq. (43) in what follows and leave the
rest to the readers. Substituting DxJ

n
from Eq. (7) into Eq. (8) and applying

Theorem 2 for parameters b
n
, h

n
, j

n
, c

n
, and R

n
yields
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&N(0, 1).

(A.62)

Note that mI
n
is a standard normal random variable, which does not depend on

the variance of noise trading, p2
u
. By the definition in Eq. (4), the error variance

of price is strictly decreasing over time, i.e., 0(R
n
(R

n~1
, ∀n. In addition,

Eq. (33) indicates that the ratio R
n
/R

n~1
depends only on the two parameters

q
n
and z

n
, both of which are uniquely determined given a finite number of period

N. Hence, the speed of the price adjustment, c
n
"R

n
/R

n~1
, in each period is

a constant such that 0(c
n
(1, ∀n, and the constant does not depend on the

variance of noise trading, p2
u
, either. Consequently, the price adjustment process

does not depend on the variance of noise trading, p2
u
. Q.E.D.
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